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Abstract
We generalize the computations of the long-range interactions between two par-
allel stacks of branes in [1, 2] to various cases when two stacks of branes are not
placed parallel to each other. We classify the nature of interaction (repulsive or
attractive) for each special case and this classification can be used to justify the
nature of long-range interaction between two complicated brane systems such as
brane bound states. We will provide explicit examples in this paper to demonstrate
this.
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1
1 Introduction
Strings and branes are basic dynamical objects in string/M theory [3], like quarks and
leptons in particle physics standard model. As such, understanding their interactions is
always important, especially for revealing the non-perturbative nature of this theory, since
except for the fundamental strings, all the other brane objects are non-perturbative with
respect to the strings. In general, due to the lack of a complete formulation of this theory,
we don’t have a full-fledged knowledge of interactions between any two (same or different
type of) branes. However, we do have a knowledge of the leading-order interaction, i.e.,
the long-range one, between any two such branes. This is because we know the low-energy
effective theories for both the bulk propagating modes (the corresponding supergravity
theories) and the branes (the brane actions). From the former, we can determine the
propagators for the bulk massless modes, responsible for the long-range interactions, and
from the latter, we can determine their couplings with the branes, as discussed in detail
in [1, 2].
Each of such basic branes has a tension, therefore a mass. So any two branes, whether
the same or different type, must have a long-range gravitational interaction between
the two. They carry also a charge, whose type depends on that of branes considered.
For fundamental strings or the so-called NSNS 5-branes, they carry the so-called NS-NS
charge, while for Dp-branes, each of them carries a so-called R-R charge. Just like the
electric charge, any two branes of the same type experience also a charge interaction and
sometimes even for branes of different type, such as the one between D0 and D8 branes
(there exists also a charge interaction between the two) [4, 5, 6]. These basic branes are
actually stable, usually called BPS-branes, since in proper units their mass and charge
are equal. When two such branes of the same type are placed parallel to each other at a
separation, there exists no net force acting between the two since gravitational attractive
force due to their tension cancels the repulsive one between the two due to their charge
[1].
As mentioned above, obtaining the full-fledged brane interaction is in general difficult
or impossible for the time being. Our knowledge about the corresponding long-range
interaction can still be useful in many ways. For examples, with this information, we
can determine whether any two branes can form bound orbit or bound state, and study
the leading-order scattering process or amplitude. With the knowledge about the nature
of the long-range interaction being attractive, zero or repulsive, we have at least partial
knowledge to determine whether the underlying system has a possibility to form a stable
configuration.
Unlike point particles in field theory, the branes in string/M-theory can have different
spatial dimensionalities and the interaction nature depends on the relative orientation
between two such branes. In this paper, we will give a classification of the long-range
interaction nature between any two simple BPS branes of the same or different type in
spacetime D = 10 and D = 11, placed with various orientations specified later. This
classification has its use or advantage in that once such interaction nature for the simple
BPS branes are known, we can use this knowledge to determine the nature of long-range
interaction for complicated brane systems such as brane bound states, without the need
of computations. For example, if we table the classification, we can simply read the
interactions between the constituent branes in the two brane bound states, from the table
and often we can determine the nature of the underlying interaction. We will provide
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explicit examples for this purpose.
In [1], the authors calculate the long-range Coulomb-type interaction between two
stacks of p-branes, placed parallel at a separation, via the effective field theory compu-
tations. Similar calculations are made in [2] for the cases when two stacks of branes of
different type, are placed parallel to each other. We in this paper consider the various
cases when the two stacks of branes, being the same or different type, are placed non-
parallel to each other, in D = 10 and 11. We will classify the interaction nature for the
cases given in [1, 2] and computed in this paper.
In our computations, we use the integer q, the common dimensions that the two
branes share, to describe the extent of non-parallel. For example, when q = 0, the p-
branes and p′-branes, placed at a separation, are actually orthogonal to each other in
space. Combining with the results given in [1] and in [2], we find that the net interaction
depends on the three integers q, p and p′, in addition to the spacetime dimensions D.
In the classification, we find that the interaction nature is closely related to the value of
integer q.
This paper is organized as follows: In section 2, we have a review on how to get the
bulk propagators and couplings from the bulk action and effective brane world-volume
action. In section 3, we review the calculation of the long-range interactions in [2] between
two stacks of parallel branes at a separation in diverse dimensions, both of the same and
different kinds. The long-range interaction between two stacks of non-parallel branes
are calculated in section 4. In section 5, using the results in section 3 and 4, we have
a classification about the nature of the interaction for parallel and non-parallel branes
as forms of tables. Applications of these results will be mentioned in section 6, about
determining the nature of total interactions qualitatively between two stacks of D-branes
with world-volume abelian or non-abelian flux. Section 7 is a brief summary.
2 The set up
The long-range interaction between any two stacks of static BPS p- and p′-branes, par-
allel or non-parallel, in a separation, are due to the exchanges of relevant bulk bosonic
propagating modes. For computing this interaction, we need to have the relevant bulk
bosonic field propagators and the corresponding couplings of these fields with p-branes
under consideration, following [1, 2]. For this, we consider the relevant bosonic part of
D-dimensional supergravity action in p-brane frame as [7]
ID(d) =
1
2κ2D
∫
dDx
√−Ge− (D−2)α(d)Φ2d
[
R− 1
2
(
1− α
2(d)(D − 1)(D − 2)
2d2
)
(∇Φ)2
−1
2
|Fd+1|2
]
. (1)
In the above, GMN is the spacetime metric in p-brane frame, R the Ricci scalar, Φ the
dilaton with its vacuum expectation value Φ0, and Fd+1 is the field strength of d = p+ 1
form field Ad. α(d) is the dilaton coupling and is given as
α2(d) = 4− 2(p+ 1)(D − p− 3)
D − 2 . (2)
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Since our focus on the long-range interaction is in the field theory limit, it is therefore
proper to express the above action in Einstein or canonical frame. This can be achieved
by making the following rescaling of metric
GMN = e
α(d)φ
p+1 gMN , (3)
where φ = Φ− Φ0. Thus we have (1) in canonical frame:
ID(d) =
1
2κ2
∫
dDx
√−g
[
R− 1
2
(∇φ)2 − 1
2
e−α(d)φ|Fd+1|2
]
, (4)
where we define the physical gravitational coupling 2κ2 = 2g2bκ
2
D with the dimensionless
parameter gb = e
(D−2)α(d)
4(p+1)
Φ0 . When we set D = 10 and p = 1, gb becomes the string
coupling gs.
We now consider small fluctuations of fields with respect to the vacuum, i.e., gMN =
ηMN + hMN with ηMN the flat Minkowski metric, Φ = Φ0 + φ and Ad = 0 + Ad. We also
choose the usual harmonic gauge for hMN : ∂Ph
P
N − 12∂Nh = 0. Then the action becomes:
ID(d) =
1
2κ2
∫
dDx
[
−1
4
∇hMN∇hMN + 1
8
(∇h)2 − 1
2
(∇φ)2 − 1
2
|Fd+1|2
]
, (5)
where we keep only the lowest order terms. In order to have the propagators and the
couplings with the correct normalization, we need to make the following rescalings of
fields as:
hMN → 2κhMN , φ→
√
2κφ, Ap+1 →
√
2κAp+1, (6)
then we have
ID(d) =
∫
dDx
[
−1
2
∇hMN∇hMN + 1
4
(∇h)2 − 1
2
(∇φ)2 − 1
2
|Fd+1|2
]
, (7)
from which we can read the propagators for graviton, dilaton and d-form field, in momen-
tum space, as
hMNhM ′N ′︸ ︷︷ ︸ = 1k2
⊥
[
1
2
ηMM ′ηNN ′ +
1
2
ηMN ′ηNM ′ − 1
D − 2ηMNηM ′N ′
]
, (8)
φφ︸︷︷︸ = 1k2
⊥
, (9)
A01...pA01...p′︸ ︷︷ ︸ = − 1k2
⊥
δp,p′. (10)
In the above, k⊥ is the spatial momentum along the directions perpendicular to the brane.
The bosonic part of the world volume action for a p-brane is
Sd = −Tp
∫
dp+1σ
√
−G+ Tp
∫
Ap+1, (11)
where p-brane frame metric Gαβ
3 and the (p + 1) form field Ap+1 are the pull back of
the corresponding bulk fields to the world volume, and Tp is the brane tension. Using
3α, β, γ · · · are the world volume indexes
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equation (3), we can express the above in the canonical frame as
Sd = −Tp
∫
dp+1σe
α(d)φ
2
√−g − Tp
(p+ 1)!
∫
dp+1σǫα0···αpAα0···αp, (12)
where gαβ is the pull back of canonical metric to the world volume and ǫ
α0···αp is totally
antisymmetric with respect to its indices with ǫ0···p = 1. With the same small fluctuations
of background, we expand the above action to the leading order and have
Sd = −Tp
∫
dp+1σ
(
1 +
α(d)φ
2
+
1
2
ηαβhαβ
)
− Tp
(p+ 1)!
∫
dp+1σǫα0...αpAα0...αp, (13)
With the scalings (6) and noticing that φ, hαβ and Aα0...αp depend only on the coordinates
transverse to the brane, we then have
Sd =− TpVp+1 − TpVp+1κηαβhαβ − 1√
2
TpVp+1κα(d)φ
+
√
2κTP
(p+ 1)!
Vp+1ǫ
α0α1...αpAα0α1...αp . (14)
So the couplings of the brane with bulk fluctuations can be read,respectively, as
J
(i)
h = −cpVp+1Niηαβhαβ,
J
(i)
φ = −
1√
2
cpVp+1Niα(d)φ,
J
(i)
Ap+1
=
√
2cpVp+1Ni
(p+ 1)!
ǫα0α1...αpAα0α1...αp . (15)
In the above, we have defined cp ≡ Tpκ and introduce an extra factor Ni to count the
multiplicity of the branes. i = 1, 2 refers to the two stacks of branes, respectively. Vp+1 is
the volume of p-brane’s world volume.
3 The long-range interactions between two parallel
stacks of p & p′-branes
In this section we will use the propagators and couplings obtained from the previous
section to calculate the long-range interactions in momentum space4 between two parallel
stacks of p-branes and p′-branes, due to the exchange of massless modes in spacetime
D = 10 and D = 11.
The interaction due to the exchange of graviton is
Uh = J
(1)
h J
(2)
h︸ ︷︷ ︸ = cpcp′Vp+1Vp′+1N1N2ηαβηγδ hαβhγδ︸ ︷︷ ︸, (16)
Using the propagator in (8), we have
Uh = cpcp′Vp+1Vp′+1N1N2
1
k2
⊥
[
(p′ + 1)− 1
D − 2(p+ 1)(p
′ + 1)
]
. (17)
4 The interaction in coordinate space can be obtained simply by a Fourier transformation following
[8].
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Using (8) and (15), the interaction due to the exchange of dilaton is
Uφ = J
(1)
φ J
(2)
φ︸ ︷︷ ︸ = 12k2⊥ cpcp′Vp+1Vp′+1N1N2α(d)α(d′), (18)
where
α(d) =
{
3−p
2
for NS-NS p-brane;
p−3
2
for Dp brane.
(19)
and in general
α2(d) = 4− 2(p+ 1)(D − p− 3)
D − 2 . (20)
The equation (18) indicates that for different type of branes, the interaction due to the
exchange of dilaton depends not only on the dimensionality of each stack of branes under
consideration, but also on the dilaton coupling α(d).
The interaction due to the exchange of the (p + 1)-form potential A01...p also can be
calculated as
UAp+1/Ap′+1 = J
(1)
Ap+1
J
(2)
Ap′+1︸ ︷︷ ︸ = −2cpcp′Vp+1Vp′+1N1N2 1k2⊥ δp,p′. (21)
To have this contribution non-vanishing, the p-branes and p′-branes must be the same
type or be mutually branes and anti-branes with p = p′ and be placed parallel to each
other. In the former case, the interaction is repulsive while for the latter it is attractive
and the overall sign on the right side of above equation is positive instead. For now, we
will exclude the case of branes and antibranes from consideration.
So the total interaction is
U = Uh + Uφ + UAp+1/Ap′+1
= cpcp′Vp+1Vp′+1N1N2
1
k2
⊥
[
(p′ + 1)(D − 2)− (p+ 1)(p′ + 1)
D − 2 +
α(d)α(d′)
2
− 2δp,p′
]
=
η
k2
⊥
cpcp′Vp+1Vp′+1N1N2. (22)
where5
η =
(p′ + 1)(D − 2)− (p+ 1)(p′ + 1)
D − 2 +
α(d)α(d′)
2
− 2δp,p′. (23)
Because the factors in front of the bracket in the second line of (22) are all positive, so
we can use η to determine the properties of the total interaction. If η > 0, the interaction
is attractive while η < 0 it is repulsive. When η = 0, there is no interaction between the
two stacks of p and p′-branes.
For M-theory, we have M2-branes and M5-branes but there is no dilaton. The relevant
bulk action is the bosonic part of D = 11 supergravity
I11 =
1
2κ2
∫
d11x
√−g
[
R− 1
2
|F4|2
]
− 1
12κ2
∫
F4 ∧ F4 ∧A3, (24)
5If the two sets of branes are mutually branes and anti-branes, the term −2δp,p′ in the square bracket
should be replaced by 2δp,p′ instead.
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where F4 is the 4-form field strength of the 3-form potential A3. The second term is a
higher order term, so has no contribution to the long-range interaction for small fluctu-
ations. For this reason, the action is just a special case of (7). Therefore, the general
result in (22) is also applicable here for p = 2 or 5. One can check that using (2), we have
indeed α(3) = α(6) = 0 when D = 11.
For simplicity, we assume for now that p ≥ p′, so the parameters satisfy 0 ≤ p′ ≤ p ≤
D − 2 since we need to have at least one spatial dimension transverse to both stacks of
branes under consideration (For the interaction to have a good behavior in coordinate
space, we need to extend the upper bound to D − 4 instead).
3.1 D = 11
For M-theory, there are M5-branes and M2-branes but there is no dilaton. Therefore
Uφ = 0 and η =
(8−p)(p′+1)
9
− 2δp,p′. We have the following three subcases to consider:
• M5- and M2-branes
In this case p = 5, p′ = 2, so η = 1. The interaction between M2- and M5-branes is
attractive because there is only gravitational interaction between them.
• M5- and M5-branes
In this case p = p′ = 5, so η = 0. The contributions from graviton and form
potential exchanges cancel each other, so there is no interaction between M5- and
M5-branes.
• M2- and M2-branes
In this case p = p′ = 2, so η = 0. Like the M5- and M5-branes case, there is no
interaction between M2- and M2-branes too.
3.2 D = 10
3.2.1 p > p′
At first, we consider the situations for p 6= p′ and assume that p > p′. Equation (21)
indicates that there is no contribution from the (p+1)-form fields, so the total interaction
is determined by the contributions from graviton and dilaton exchanges.
• Dp and Dp′-branes
In this case α(d) = p−3
2
, α(d′) = p
′−3
2
, and p− p′ = even = 2, 4, 6, 8, so η = p′−p+4
2
.
– If p − p′ = 2, η = 1, so the interaction between Dp and D(p − 2)-branes is
attractive.
– If p − p′ = 4, η = 0. The contributions from graviton and dilaton exchanges
cancel each other, so there is no interaction between Dp and D(p− 4)-branes.
– If p− p′ = 6, η < 0, so the interaction between D0 and D6-branes, or between
D1 and D7-branes is repulsive6. That means the repulsive interaction due to
the dilaton exchange overtakes that due to the graviton exchange.
6The interaction between D0 and D8-branes is more complicated. Because there is an additional
duality relation A0 = −A01...8, thus can lead to an extra attractive coupling between the one-form
potential A1 and the nine-form potential A9, and the coupling can be interpreted as arising from the
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• Dp-branes and F-strings (p > 1)
In this case, α(d) = p−3
2
and α(d′) = 3−1
2
= 1, thus we have η = 1. So the interaction
between the two stacks of Dp-branes and fundamental strings is attractive.
• D0-branes and F-strings
In this case, p = 1, α(d) = 3−1
2
= 1, and p′ = 0, α(d′) = 0−3
2
= −3/2, so η = 0.
There is no interaction between D0-branes and fundamental strings.
• Dn and NS5-branes
– If n > 5
In this case we should take p′ = 5 and p = n in the formula of η (23), α(d′) =
3−5
2
= −1, and α(d) = n−3
2
, we can get η = 6−n ≤ 0. For n = 6, the interaction
between D6 and NS5-branes vanishes and this is consistent with that between
D0 and F-strings since these two systems are related to each other by spacetime
Hodge-duality. For n > 6, the interaction between them is repulsive.
– If n < 5
In this case we should take p = 5 and p′ = n in the formula of η (23). So we
have α(d) = 3−5
2
= −1, and 0 ≤ n < 5, α(d′) = n−3
2
. So we have now η = 1, it
means that the interaction between Dn-branes and NS5-branes is attractive.
• F-strings and NS5-branes
In this case p′ = 1, α(d′) = 3−1
2
= 1, and p = 5, α(d) = 3−5
2
= −1. So η = 0,
it means that there is no interaction between two stacks of fundamental strings
and NS5-branes, and this is consistent with their S-dual result between D1 and
D5-branes in the Type IIB theory.
• For the special case p′ = p˜ with p˜-brane as the Hodge-dual of p-brane
The total spacetime dimension D = d+ d˜+2 = p+ p˜+4 and α(d′) = α(d˜) = −α(d).
So we have p′ = D − 4 − p < p, which gives p ≥ D−4
2
. The interaction between
p-branes and its Hodge-dual p˜-branes can be explicitly given in any D using the
formula of η in (23) and the formula for α2(d) in (20). Here we mention a few
examples which have been discussed above already. In D = 10, we have D4-D2,D5-
D1,D6-D0 and NS5-F system and in D = 11 we have the M5-M2 system.
3.2.2 p = p′
Secondly, we will consider the case for p = p′. There are two different subcases:
• The same type of p and p′-branes: Dp-Dp,F1-F1,NS5-NS5
We have now nonzero and repulsive interaction from the (p + 1)-form potential
exchange. Using (2), we have
η =
(7− p)(p+ 1)
8
+
α2(d)
2
−2 = (7− p)(p+ 1)
8
+2− (p+ 1)(7− p)
8
−2 = 0. (25)
half-string creation [4, 5, 9, 10] between D0-branes and D8-branes. The detail analysis can be found in
[6] and [1]. We will exclude this case from consideration in this paper. In other words, we limit ourselves
to consider only p− p′ ≤ 6.
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It means that for two stacks of p-branes with the same type, the contributions from
graviton, dilaton, and (p + 1)-form potential exchanges cancel exactly. It is the
so-called “no-force” condition for BPS branes, and this configuration preserves 1/2
of spacetime supersymmetries [1].
• The different type of p and p′-branes: F1-D1,D5-NS5
Because p-branes and p′-branes are two different types of branes, there is no inter-
action from the (p+1)-form potential between them although their dimensionalities
are equal. Therefore the total interaction is
η =
(7− p)(p+ 1)
8
+
(p− 3)(3− p)
8
=
−p2 + 6p− 1
4
. (26)
When p = 1 or 5, we both have η = 1. So the interaction between fundamental
strings and D-strings, or between D5 and NS5-branes is attractive, respectively.
4 The long-range interactions between non-parallel
branes
In this section we consider the situations that the two stacks of p-branes and p′-branes
are not placed parallel to each other. We still assume p′ ≤ p and introduce an additional
parameter q to denote the commom dimensions that the two branes share. q = 0 means
that the two stacks of p-branes and p′-branes, placed at a separation, are actually orthog-
onal to each other. On the other hand, q = p′ means that the two stacks of p-branes
and p′-branes are parallel to each other. This latter case corresponds to what we have
discussed in the previous section and will be excluded in what follows. As before, for the
purpose of calculating the long-range interaction, there is at least one spatial dimension
transverse to both stacks of branes involved. In other words, we need p < D− 2. So q, p′
and p satisfy max{0, p + p′ − (D − 2)} ≤ q < p′ ≤ p < D − 2. The propagators and the
couplings derived in section 2 continue to apply here. The interaction due to the graviton
exchange is now
Uh = J
(1)
h J
(2)
h︸ ︷︷ ︸ = cpcp′Vp+1Vp′+1N1N2ηαβηγδ hαβhγδ︸ ︷︷ ︸
= cpcp′Vp+1Vp′+1N1N2
1
k2
⊥
[
(q + 1)− 1
D − 2(p+ 1)(p
′ + 1)
]
. (27)
The above indicates that this interaction depends on the dimensionality of each stack of
branes involved, the spacetime dimension D and the common dimensions q that the two
stacks of branes share.
The interaction due to the exchange of dilaton remains the same as that in the parallel
case and continues to be given by (18) with α(d) given in (19) when D = 10 and in (20)
for a general D.
On the other hand, since the two stacks of p-branes and p′-branes are not placed
parallel, we don’t have contribution from the exchange of form-potentials even when
9
p = p′. So we have the total interaction as
U = Uh + Uφ + 0
= cpcp′Vp+1Vp′+1N1N2
1
k2
⊥
[
(q + 1)(D − 2)− (p+ 1)(p′ + 1)
D − 2 +
α(d)α(d′)
2
]
=
η
k2
⊥
cpcp′Vp+1Vp′+1N1N2. (28)
where
η =
(q + 1)(D − 2)− (p+ 1)(p′ + 1)
D − 2 +
α(d)α(d′)
2
. (29)
By the same token, we can use the sign of η to determine whether the interaction is
attractive or repulsive or vanishing.
4.1 D = 11
In M-theory there are M5-branes and M2-branes. And α(3) = α(6) = 0 because there is
no dilaton, thus Uφ = 0, we have η =
9(q+1)−(p+1)(p′+1)
9
.
• M5- and M2-branes
In this case p = 5, p′ = 2, so η = q − 1. The range of q is 0 ≤ q < p′ = 2, so
q = 0, 1. for q = 0, the interaction between two stacks of M2-branes and M5-branes
is repulsive. For q = 1, there is no interaction between them and this is related
to the D5/D1 system considered in the parallel case via dimensional reduction and
T-dualities.
• M5- and M5-branes
In this case p = p′ = 5, so η = q − 3. Because max{0, p + p′ − (D− 2)} = 1 ≤ q <
p′ = 5, so q = 1, 2, 3, 4. For q = 4, the interaction between M5- and M5-branes is
attractive. For q = 3, there is no interaction. For q = 1, 2, the interaction becomes
repulsive.
• M2- and M2-branes
In this case p = p′ = 2, so η = q and can only be 0 or 1. For q = 1, the interaction
between M2- and M2-branes is attractive. For q = 0, there is no interaction be-
tween them and this system is related to the D0 & F system considered before via
dimensional reduction and T-dualities. In both cases, there is no interaction and
therefore this is a consistent result.
4.2 D = 10
4.2.1 p > p′
In the following, we consider branes in string theory and we will not mention the D0-brane
because it can’t be orthogonal to any other kind of branes including itself. At first, we
consider the situations for p 6= p′ and assume that p > p′.
• Dp and Dp′-branes
In this case, α(d) = p−3
2
, α(d′) = p
′−3
2
and p− p′ = even = 2, 4, 6. So η = q + 4−p−p′
2
with max{0, p+ p′ − 8} ≤ q < p′ − 1.
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– If p − p′ = 2, η = q + 1 − p′. Thus when q = p′ − 1, there is no interaction
between Dp and D(p− 2)-branes. When max{0, p + p′ − 8} ≤ q < p′ − 1, the
interaction between them is repulsive.
– If p−p′ = 4, η = q−p′ < 0. So the interaction between two stacks of Dp-branes
and D(p− 4)-branes is always repulsive.
– If p− p′ = 6, η = q − p′ − 1 < 0. So the total interaction between Dp-branes
and D(p− 6)-branes is always repulsive.
• Dp-branes and F-strings (p > 1)
In this case, α(d) = p−3
2
and p′ = 1, α(d′) = 3−1
2
= 1, note that q can only be 0.
Thus we have η = 0, so there is no interaction between two stacks of Dp-branes and
fundamental strings.
• Dn and NS5-branes
– If n > 5
In this case we should take p′ = 5 and p = n in the formula of η (29), α(d′) =
3−5
2
= −1, and α(d) = n−3
2
. So η = q + 1− n < p′ + 1− n = 6− n ≤ 0, so the
interaction between Dn with n > 5 and NS5-branes is repulsive.
– If n < 5
In this case we should take p = 5 and p′ = n in the formula of η (29), α(d) =
3−5
2
= −1, and α(d′) = n−3
2
. So we have η = q + 1 − n ≤ 0. If q = n − 1,
we have η = 0, there is no interaction between Dn and NS5-branes. And If
q < n− 1, we have η < 0, the interaction between them is repulsive.
• F-strings and NS5-branes
In this case p = 5, α(d) = 3−5
2
= −1, and p′ = 1, α(d′) = 3−1
2
= 1. Here q = 0.
So we have η = −1, thus the interaction between two stacks of fundamental strings
and NS5-branes is repulsive, and this is consistent with their S-dual result between
D1 and D5-branes discussed above in Type IIB theory.
• For the special case p′ = p˜ with p˜-brane as the Hodge-dual of p-brane
The total spacetime dimension D = d+ d˜+2 = p+ p˜+4, and α(d′) = α(d˜) = −α(d).
So we have p′ = D−4−p < p, it means that p ≥ D−4
2
. Like the previous section, the
interaction between p-branes and its Hodge-dual p˜-branes can be explicitly given in
any D using the formula of η in (29) and the formula for α2(d) in (20). Here we also
mention a few examples which have been discussed above already. In D = 10, we
have D4-D2, D5-D1 and NS5-F systems, and in D = 11 we have the M5-M2 system.
4.2.2 p = p′
Secondly, we will consider the cases for p = p′. There are two different subcases:
• The same type of p and p′-branes: Dp-Dp, F1-F1, NS5-NS5
Using (2), we have
η =
8q + 8− (p+ 1)2
8
+
α2(d)
2
= q +
8− (p+ 1)2
8
+ 2− (p+ 1)(7− p)
8
= q + 2− p.
(30)
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Therefore if q = p− 1, η = 1 > 0, the interaction between two stacks of p-branes is
attractive. If q = p− 2, η = 0, there is no interaction. And if q < p− 2, η < 0, the
interaction between them is repulsive.
• The different type of p and p′-branes: F1-D1, D5-NS5
In this case α(d) = p−3
2
, α(d′) = 3−p
′
2
= 3−p
2
, so we have
η =
8q + 8− (p+ 1)2
8
+
(p− 3)(3− p)
8
= q − (p− 1)
2
4
. (31)
For F1-D1, we have p = 1 and q = 0, so η = 0, therefore there is no interaction
between two stacks of fundamental strings and D1-branes. For D5-NS5, we have
p = 5, so η = q− 4. Note that max{0, 2} = 2 ≤ q < p = 5, so q = 2, 3, 4. Therefore
if q = 4, there is no interaction between D5 and NS5-branes, while if q = 2, 3, the
interaction between them is repulsive.
5 A classification of long-range interactions between
two stacks of p & p′-branes
In this section we will give a classification of the long-range interactions computed and
discussed in the previous sections, including both parallel and non-parallel cases. The
purpose doing this is two-fold: 1) we can have a dictionary on the interactions for all
simple p-branes, 2) with this, the nature of interaction for complicated systems such as
brane bound states as mentioned in the introduction can be determined without the need
of detail computations.
Prior to this purpose, we would like first to use T or/and S-duality to check consis-
tencies for the results obtained in the previous two sections regarding the interactions for
the parallel and non-parallel cases against the known results. We have already discussed
some examples in the previous sections. We know that a T-duality interchanges the Neu-
mann and Dirichlet boundary conditions but does not change the nature of interaction.
A T-duality in a direction tangent to a Dp-brane converts it to a D(p − 1)-brane, while
in a direction orthogonal to it turns it into a D(p + 1)-brane [11]. For example, we can
take a T-duality in a direction tangent to Dp-branes once in a time for p-times and con-
vert them to D0-branes. As a more illustration, we consider the long-range interaction
between non-parallel D1- and D5-branes given in section 4. This one is repulsive. Now
we take a T-duality in the direction tangent to D1-branes which is orthogonal to the
D5-branes. We then turn D1 to D0 while at the same time turn the D5 to D6 branes.
In other words, we convert the D1 and D5 into an interacting system of D0 and D6,
whose long range interaction is known to be repulsive, therefore a consistent check that
the long-range interaction remains the same before and after a T-duality. Others can be
similarly discussed.
Now we summarize the results obtained in the previous two sections in spacetime
D = 11 and D = 10 in Table 1 and Table 2, respectively. A more detail results in Table
3 show the nature of long-rang interactions between two stacks of non-parallel branes
sharing various allowed common dimensions q in D = 10. In the tables, we assume p′ ≤ p
and denote the attractive and repulsive interactions using the sign “+ ” or “− ” and the
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vanishing one with “0”, respectively. Also we use the symbol “upslope” to stand for the non-
existence of a case. In Table 3, we list only the p ≥ p′ cases and it should be understood
that the p′ > p cases are symmetric to those of p > p′, which we don’t show in the table.
Table 1: The nature of long-range interaction between two stacks of parallel or non-parallel
p & p′-branes in D = 11
D = 11 Parallel Non-parallel
q = 1 : +
M2-M2 0 q = 0 : 0
q = 1 : 0
M2-M5 + q = 0 : −
q = 4 : +
M5-M5 0 q = 3 : 0
q = 1, 2 : −
Table 2: The nature of long-range interaction between two stacks of parallel or non-parallel
p& p′-branes in D = 10
D = 10 Parallel Non-parallel
q = p− 2 (p ≥ 2) : 0
Dp-Dp 0 q = p− 1 (p ≥ 1) : +
0 6 q < p− 2 : −
q = p− 3 (p ≥ 3) : 0
Dp-D(p− 2) + 0 6 q < p− 3 : −
Dp-D(p− 4) 0 −
Dp-D(p− 6) − −
p = 0 : 0
Dp-F1 p ≥ 1 : + 0
p = 6 : 0
Dp-NS5 (p > 5) p > 6 : − −
q = p′ − 1 (p′ > 1) : 0
Dp′-NS5 (p′ < 5) + 0 6 q < p′ − 1 : −
F1-NS5 0 −
F1-F1 0 +
q = 2 : −
NS5-NS5 0 q = 3 : 0
q = 4 : +
q = 4 : 0
D5-NS5 + 2 6 q < 4 : −
D1-D5:0 D1-D5:−
p& (6-p) system D0-D6:− D2-D4(q = 0):−
D2-D4:+ D2-D4(q = 1):0
F-NS5:0 F-NS5:−
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Table 3: The nature of long-rang interaction between two stacks of non-parallel branes in
D = 10
D1 D2 D3 D4 D5 D6 D7 F1 NS5
D1 q = 0 : +
D2 upslope q = 0 : 0
q = 1 : +
q = 0 : −
D3 q = 0 : 0 upslope q = 1 : 0
q = 2 : +
q = 0 : −
q = 1 : 0 q = 1 : −
D4 upslope q = 0 : − upslope q = 2 : 0
q = 3 : +
q = 0 : − q = 2 : −
D5 q = 0 : − upslope q = 1 : − upslope q = 3 : 0
q = 2 : 0 q = 4 : +
q = 0 : − q = 2 : − q = 4 : 0
D6 upslope upslope upslope
q = 1 : − q = 3 : 0 q = 5 : +
D7 q = 0 : − upslope q = 2 : − upslope q = 4 : 0 upslope q = 6 : +
F1 q = 0 : 0 q = 0 : 0 q = 0 : 0 q = 0 : 0 q = 0 : 0 q = 0 : 0 q = 0 : 0 q = 0 : +
q = 1 : 0 q = 0 : − q = 1 : − q = 2 : − q = 3 : − q = 2 : −
NS5 q = 0 : 0 q = 1 : − q = 2 : − q = 3 : − q = 4 : − q = 0 : − q = 3 : 0
q = 0 : − q = 2 : 0 q = 3 : 0 q = 4 : 0 q = 4 : − q = 4 : +
6 The long-range interactions between non-parallel
D-branes with flux
This section is an application of the results ontained in the previous sections. We here
specify the discussion to D-branes. As we know that D-branes carrying a single abelian
electric or magnetic world volume flux are the non-threshold BPS (F, Dp) bound state
[12, 13, 14, 15, 16, 17] or the non-threshold BPS (D(p − 2), Dp) bound state [18, 19,
20], respectively. The long-range interaction between two parallel D-branes with each
carrying an abelian world-volume flux has been discussed in [8]. There are also other
D-brane bound states (D(p − 2k), Dp) with k = 2, 3, 4, respectively. For each given
k, the corresponding bound state can be obtained by turning on the non-abelian world
volume magnetic fluxes on the Dp-branes such that
∫
F i 6= 0 only for i = k with F i =
F ∧ · · · ∧ F , where the number of wedge products is i − 1 [21]. The corresponding
interaction between two such D-brane configurations placed parallel has been discussed in
[1]. Like the k = 1 case, these bound states correspond to the delocalized D(p−4)-branes
within Dp-branes, D(p − 6)-branes within Dp-branes and D0-branes within D8-branes.
Therefore, the interaction between two stacks of such brane bound states, placed parallel
or non-parallel, can be obtained as the sum of interactions between the constituent simple
branes in the two bound states. For example, the interaction between (D(p− 2), Dp) and
(D(p − 6), D(p − 4)) (p ≥ 6) can be obtained as the sum of interactions between the
D(p− 2) and D(p− 6), D(p− 2) and D(p− 4), Dp and D(p− 6), and Dp and D(p− 4).
Given what we obtain in the previous sections and the classification given in section 5 for
the interaction of simple D-branes, the interaction between two sets of constituent simple
branes in the two bound states can be read simply from Table 3 given in section 5 and
the nature of the interaction (attractive, repulsive or vanishing) between two such bound
states can therefore be determined accordingly without the need of detail calculations.
As a simple illustration of the above, we will focus on the long-range interaction
between two branes placed non-parallel with each carrying a k = 1 constant magnetic
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flux, which corresponds to the non-threshold BPS (D(p−2), Dp) bound states. The total
number for various possibilities is 155 and the results are given in the Appendix. For
example, we consider the interaction between the bound state (D4′, D6) and the bound
state (D2′, D4) with the constituent D6 branes non-parallel to D4 with the corresponding
q = 2, 3. For each case, the interaction nature can be determined from the table 3 for
simple constituent branes. All possible cases are listed in Table 4 and Table 5.
Concretely, we specify the D6-branes along x1, x2, x3, x4, x5, x6 and the D4′ in the
bound state along x1, x2, x3, x4 but delocalized along x5, x6. In the following, we will fix
the spatial directions for D6 and D4′ as specified above and let the spatial directions for
the D2′ and D4 in the bound state (D2′, D4) vary. We discuss one specific case here with
q = 2 as an example. Consider the D4 along x5, x6, x7, x8 and D2′ along x7, x8 for the
bound state (D2′, D4), i.e., the first case in Table 4. From Table 3, we know that the
interaction between the constituent D4 and D6 is repulsive, the one between D4 and D4′
also repulsive, the one between D2′ and D4′ also repulsive, and finally the one between
D2′ and D6 repulsive. So we must conclude that the total interaction between two such
bound state is also repulsive.
Note that in both Table 4 and 5, we use “x” to denote a spatial direction shared by
the two constituent branes in a bound state and “x˜” to denote the direction not shared by
the constituent branes. We use the question mark “?” to denote the cases for which the
total interaction cannot be determined by the prescription given above and we must do
the computations to determine the nature of the underlying long-range interaction. This
can be done without much difficulty following the couplings given in [1, 8]. There actually
exists only one case for either q = 2 or q = 3 as shown in the corresponding table. We
just quote the couplings needed for this computations from [1, 8] as
J
(i)
h = −cpVp+1Tr
{√
−det(η + Fˆ )
[
(η + Fˆ )−1
]}αβ
hβα (32)
for the graviton,
J
(i)
B = −
cpVp+1√
2
Tr
{√
−det(η + Fˆ )
[
(η + Fˆ )−1
]}αβ
Bβα (33)
for the Kalb-Ramond field,
J
(i)
φ =
cpVp+1
2
√
2
Tr
{√
−det(η + Fˆ )
[
(3− p)1N + tr
(
Fˆ (η + Fˆ )−1
)]}
φ (34)
for the dilaton,
J
(i)
Ap+1
=
√
2cpVp+1Ni
(p+ 1)!
Aα0α1···αpǫ
α0α1···αp (35)
for the R-R potential Ap+1, and
J
(i)
Ap+1−2k
=
√
2cpVp+1
2kk!(p + 1− 2k)!Tr{Fˆα0α1 · · · Fˆα2k−2α2k−1}Aα2kα2k+1···αpǫ
α0α1···αp (36)
for the R-R potential Ap+1−2k.
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Table 4: Interaction between (D2′,D4) and (D4′, D6)-branes with q = 2
q = 2 x1 x2 x3 x4 x5 x6 x7 x8 x9
D6 x x x x x˜ x˜
D4′ x x x x
D4 x˜ x˜ x x D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x˜ x x˜ x D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x˜ x˜ x x D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x x˜ x˜ x D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:0
D4 x x x˜ x˜ D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:0
D2′-D4′:−
D4 x˜ x x˜ x D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x x x˜ x˜ D4-D6:−
−D4-D4
′:−
D2′ x x D2′-D6:0
D2′-D4′:0
D4 x˜ x˜ x x D4-D6:−
−D4-D4
′:0
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x˜ x x˜ x D4-D6:−
−D4-D4
′:0
D2′ x x D2′-D6:−
D2′-D4′:0
D4 x x x˜ x˜ D4-D6:−
?
D4-D4′:0
D2′ x x D2′-D6:0
D2′-D4′:+
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Table 5: Interaction between (D2′, D4) and (D4′, D6)-branes with q = 3
q = 3 x1 x2 x3 x4 x5 x6 x7 x8 x9
D6 x x x x x˜ x˜
D4′ x x x x
D4 x x˜ x˜ x D4-D6:0
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:0
D4 x˜ x˜ x x D4-D6:0
−D4-D4
′:−
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x x˜ x x˜ D4-D6:0
−D4-D4
′:−
D2′ x x D2′-D6:0
D2′-D4′:0
D4 x x˜ x˜ x D4-D6:0
−D4-D4
′:0
D2′ x x D2′-D6:−
D2′-D4′:0
D4 x x x˜ x˜ D4-D6:0
+
D4-D4′:0
D2′ x x D2′-D6:0
D2′-D4′:+
D4 x˜ x˜ x x D4-D6:0
−D4-D4
′:0
D2′ x x D2′-D6:−
D2′-D4′:−
D4 x˜ x x x˜ D4-D6:0
0
D4-D4′:0
D2′ x x D2′-D6:0
D2′-D4′:0
D4 x˜ x x x˜ D4-D6:0
−D4-D4
′:−
D2′ x x D2′-D6:0
D2′-D4′:−
D4 x˜ x˜ x x D4-D6:0
?
D4-D4′:+
D2′ x x D2′-D6:−
D2′-D4′:0
D4 x˜ x x x˜ D4-D6:0
+
D4-D4′:+
D2′ x x D2′-D6:0
D2′-D4′:+
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In the above, each of these bulk fields is a singlet under the U(N) gauge group, Fˆ = 2πα′F
is the constant world-volume flux and is an N ×N matrix under the U(N). “Tr” is with
respect to the trace in N ×N space, and cp = Tpκ/gs = Tpκ10. 1N stands for the N ×N
unit matrix while 0N stands for the N × N zero-matrix as will be used in the following
representation for Fˆ .
Consider the q = 2 case marked with “?” mark in Table 4. The constant fluxes Fˆ1 and
Fˆ2 on the world-volume of D6- and D4-branes are chosen accordingly, respectively, as:
Fˆ1 =


0N1
0N1
0N1
0N1
0N1
0N1 −g11N1
g11N1 0N1


Fˆ2 =


0N2
0N2
0N2
upslope
upslope
upslope
upslope
0N2 −g21N2
g21N2 0N2


(37)
The “upslope” in the matrix of Fˆ2 means nothing should be here and should not be counted
in the computations, because the D4-branes are not along those directions. The explicit
couplings for the two bound states are:
J
(1)
h = −c6V7N1
√
1 + g21V
αβ
1 hαβ
J
(1)
φ = −
√
2
4
c6V7N1
√
1 + g21
(
3− 2g
2
1
1 + g21
)
φ (38)
for D6-branes carrying the flux Fˆ1, and
J
(2)
h = −c4V5N2
√
1 + g22V
αβ
2 hαβ
J
(2)
φ = −
√
2
4
c4V5N2
√
1 + g22
(
1− 2g
2
2
1 + g22
)
φ (39)
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for D4-branes carrying the flux Fˆ2. Where V1 and V2 are
V αβ1 =


−1
1
1
1
1
1
1+g21
g1
1+g21
−g1
1+g21
1
1+g21


V αβ2 =


−1
1
1
upslope
upslope
upslope
upslope
1
1+g22
g2
1+g22
−g2
1+g22
1
1+g22


(40)
Just like the case in the absence of fluxes, we don’t have the contributions from the R-R
field exchanges for the non-parallel case, i.e., UAp+1 = 0 and UAp−1 = 0. Further since the
fluxes on D6- and D4-branes are along different directions in the “?” case considered, so
we have UB = 0.
Therefore the long-range interactions due to the exchanges of graviton and dilaton,
respectively, are
Uh =
1
8k2
⊥
c6c4V7V5N1N2
√
1 + g21
√
1 + g22
[
24−
(
5 +
2
1 + g21
)(
3 +
2
1 + g22
)]
, (41)
Uφ =
1
8k2
⊥
c6c4V7V5N1N2
√
1 + g21
√
1 + g22
(
3− 2g
2
1
1 + g21
)(
1− 2g
2
2
1 + g22
)
. (42)
Then the total interaction is
U = Uh + Uφ =
1
k2
⊥
c6c4V7V5N1N2
√
1 + g21
√
1 + g22
g21g
2
2 − 1
(1 + g21)(1 + g
2
2)
. (43)
Therefore for the marked “?” case in q = 2, if |g1g2| > 1, the interaction between the
two bound states is attractive, if |g1g2| = 1, there is no interaction, and if |g1g2| < 1, the
interaction is repulsive.
For the marked “?” case in q = 3 given in Table 5, the total interaction can also be
obtained similarly and the result is
U = Uh + Uφ =
1
k2
⊥
c6c4V7V5N1N2
√
1 + g21
√
1 + g22
g21 − g22
(1 + g21)(1 + g
2
2)
, (44)
and therefore the nature of the interaction depends on the relative magnitude of |g1| and
|g2|.
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7 Summary
In this paper, we calculate the interaction between two stacks of non-parallel simple branes
of the same or different type at a separation for various cases in D = 10 and D = 11
via the effective field theory approach [1, 2]. In some special cases such as those involved
p-branes and their Hodge-dual objects, the explicit results can also be given in diverse
dimensions. Combined with the known parallel cases [1, 2, 8], we give a classification
of long-range interactions for simple branes. This serves as a dictionary and is useful
when we consider more complicated brane systems such as the brane bound states for
which the nature of interaction (attractive or repulsive) can often be simply read from
this dictionary without the need of detail computations.
We demonstrate this explicitly using an example for a particular case for the interaction
between the (D4′, D6) and the (D2′, D4). For the two systems, there are ten cases for either
q = 2 or q = 3 but there is only one case for either of them for which the interaction cannot
be simply read from the dictionary. We then calculate the corresponding interaction using
the couplings derived in [1, 8] and discuss how the nature of interaction depends on the
fluxes on the branes. We also provide two tables given in the appendix showing the nature
of the long-range interaction between two stacks of D-branes placed non-parallel with each
carrying a constant k = 1 magnetic flux.
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Appendix
In this Appendix, we list all the possibilities showing the nature of the long-range interac-
tion between two D-branes placed non-parallel with each carrying a constant k = 1 mag-
netic flux. For this purpose, each Dp-brane must have at least two spatial world-volume
directions, i.e., p ≥ 2. Further, as mentioned earlier, to avoid possible complication and
a reasonable good behavior of the interaction, we limit ourselves in the following to the
p ≤ 7 cases. We use “x” here to denote the spatial direction shared by the two constituent
branes in a bound state and “x˜” to denote the direction not shared by the constituent
branes (“x˜” also means the direction that the magnetic flux occupies). In addition, we
use the signs “ + ”, “ − ” and “0” to to denote the attractive, repulsive and vanishing
interactions, respectively. Here again “?” indicates a case for which the total interaction
cannot be simply determined by the prescription given earlier and explicit computations
are needed to determine the nature of the underlying long-range interaction. Note that
x9 is the spatial direction transverse to both stacks of branes and doesn’t appear in the
following table.
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Table 6: The long-range interaction between two non-
parallel D-branes in Type IIB theory with k = 1 magnetic
flux
Dp
location and flux
Dp′
location and flux
q U
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
D7 x x x x x x˜ x˜ D7 x x x x x˜ x˜ x q = 6 +
x x x x x x˜ x˜ +
x x x x˜ x˜ x x +
x x x x x˜ x x˜ +
x x x x x˜ x˜ x x x x x x˜ x˜ x +
x x x x˜ x x˜ x +
x x x x x x˜ x˜ +
x x x˜ x˜ x x x ?
x x x x˜ x x x˜ +
D7 x x x x x˜ x˜ x D5 x x x˜ x˜ x q = 4 ?
x x x x˜ x˜ +
x x x x˜ x˜ x x x x x˜ x˜ x −
x x x x˜ x˜ +
x x˜ x˜ x x˜ −
x x x˜ x x˜ 0
x x x˜ x˜ x x x x x x˜ x˜ x −
x x˜ x x˜ x −
x x x x˜ x˜ −
x˜ x˜ x x x −
x x˜ x x x˜ −
D7 x x x˜ x˜ x x x D3 x˜ x˜ x q = 2 −
x x˜ x˜ −
x x˜ x˜ x x x x x˜ x˜ x −
x x˜ x˜ −
x˜ x x˜ −
x˜ x˜ x x x x x x˜ x˜ x −
x x˜ x˜ −
D5 x x x x˜ x˜ D5 x x x˜ x˜ x q = 4 +
x x x x˜ x˜ +
x x˜ x˜ x x +
x x x˜ x x˜ +
x x x˜ x˜ x x x x˜ x˜ x +
x x˜ x˜ x x +
x x x˜ x x˜ +
x˜ x˜ x x x ?
x x˜ x x x˜ +
x x x x˜ x˜ x x˜ x˜ x x q = 3 ?
x x x˜ x˜ x +
x x x x˜ x˜ +
x x x˜ x˜ x x x˜ x˜ x x −
to be continued on the next page
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Dp
location and flux
Dp′
location and flux
q U
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
D5 D5 x x x˜ x˜ x q = 3 +
x˜ x˜ x x x −
x x˜ x x˜ x 0
x x x x˜ x˜ +
x x˜ x˜ x x x˜ x˜ x x x −
x x˜ x x˜ x −
x˜ x x x˜ x −
x x x x˜ x˜ ?
x x˜ x˜ x x −
x x x˜ x˜ x x˜ x˜ x x x q = 2 −
x x˜ x˜ x x −
x x x˜ x˜ x ?
x x˜ x˜ x x x˜ x˜ x x x −
x x˜ x˜ x x −
x˜ x x˜ x x −
x x x˜ x˜ x −
x˜ x˜ x x x x˜ x˜ x x x −
x x˜ x˜ x x −
x x x˜ x˜ x −
D5 x x x˜ x˜ x D3 x˜ x˜ x q = 2 ?
x x˜ x˜ +
x x˜ x˜ x x x˜ x˜ x −
x x˜ x˜ +
x˜ x x˜ 0
x˜ x˜ x x x x˜ x˜ x −
x x˜ x˜ −
x x˜ x˜ x x x˜ x˜ x q = 1 −
x x˜ x˜ ?
x˜ x˜ x x x x˜ x˜ x −
x x˜ x˜ −
x˜ x˜ x x x x˜ x˜ x q = 0 −
D3 x x˜ x˜ D3 x˜ x˜ x q = 2 +
x x˜ x˜ +
x˜ x x˜ +
x˜ x˜ x x˜ x˜ x +
x x˜ x˜ +
x x˜ x˜ x˜ x˜ x q = 1 +
x x˜ x˜ +
x˜ x˜ x x˜ x˜ x +
x x˜ x˜ +
x˜ x˜ x x˜ x˜ x q = 0 ?
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Table 7: The long-range interaction between two non-
parallel D-branes in Type IIA theory with k = 1 mag-
netic flux
Dp
location and flux
Dp′
location and flux
q U
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
D6 x x x x x˜ x˜ D6 x x x˜ x˜ x x q = 5 +
x x x x˜ x˜ x +
x x x x x˜ x˜ +
x x x x˜ x x˜ +
x x x x˜ x˜ x x x x x˜ x˜ x +
x x x˜ x x˜ x +
x x x x x˜ x˜ +
x x˜ x˜ x x x ?
x x x˜ x x x˜ +
x x x x x˜ x˜ x x x˜ x˜ x x q = 4 ?
x x x x˜ x˜ x +
x x x x x˜ x˜ +
x x x x˜ x˜ x x x x˜ x˜ x x −
x x x x˜ x˜ x +
x x˜ x˜ x x x −
x x x x x˜ x˜ +
x x x˜ x x˜ x 0
x x x˜ x˜ x x x x x˜ x˜ x x −
x x˜ x x˜ x x −
x x x x˜ x˜ x −
x˜ x˜ x x x x −
x x x x x˜ x˜ ?
x x˜ x x x˜ x −
D6 x x x x˜ x˜ x D4 x x˜ x˜ x q = 3 ?
x x x˜ x˜ +
x x x˜ x˜ x x x x˜ x˜ x −
x˜ x˜ x x −
x x x˜ x˜ +
x x˜ x x˜ 0
x x˜ x˜ x x x x x˜ x˜ x˜ −
x˜ x˜ x x −
x x˜ x x˜ −
x˜ x x x˜ −
x x x˜ x˜ x x x˜ x˜ x x q = 2 −
x x˜ x˜ x −
x x x˜ x˜ ?
x x˜ x˜ x x x x˜ x˜ x x −
x˜ x x˜ x −
x x˜ x˜ x −
x x x˜ x˜ −
to be continued on the next page
23
Dp
location and flux
Dp′
location and flux
q U
1 2 3 4 5 6 7 8 1 2 3 4 5 6 7 8
D6 x˜ x˜ x x x x D4 x˜ x˜ x x q = 2 −
x x˜ x˜ x −
x x x˜ x˜ −
D6 x x˜ x˜ x x x D2 x˜ x˜ q = 1 −
x˜ x˜ x x x x x˜ x˜ −
x˜ x˜ x x x x x˜ x˜ q = 0 −
D4 x x x˜ x˜ D4 x x˜ x˜ x q = 3 +
x x x˜ x˜ +
x˜ x˜ x x +
x x˜ x x˜ +
x x˜ x˜ x x x˜ x˜ x +
x˜ x x˜ x +
x x x˜ x˜ +
x˜ x x x˜ +
x x x˜ x˜ x˜ x x x q = 2 ?
x˜ x x˜ x +
x x x˜ x˜ +
x x˜ x˜ x x˜ x˜ x x −
x x˜ x˜ x +
x˜ x x˜ x 0
x x x˜ x˜ +
x˜ x˜ x x x˜ x˜ x x −
x x˜ x˜ x −
x x x˜ x˜ ?
x x˜ x˜ x x˜ x˜ x x q = 1 −
x x˜ x˜ x ?
x˜ x˜ x x x˜ x˜ x x −
x x˜ x˜ x −
x˜ x˜ x x x˜ x˜ x x q = 0 −
D4 x x˜ x˜ x D2 x˜ x˜ q = 1 +
x˜ x˜ x x x˜ x˜ +
x˜ x˜ x x x˜ x˜ q = 0 ?
D2 x˜ x˜ D2 x˜ x˜ q = 1 +
x˜ x˜ x˜ x˜ q = 0 +
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